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In this paper we consider the occupation number of induced quasi-particles which are produced during a time-dependent process using three-different methods: Instantaneous diagonalization, the usual Bogolyubov transformation between two different vacua (more precisely the instantaneous vacuum and the so-called adiabatic vacuum), and the Unruh-de Witt detector methods. Here we consider the Hamiltonian for a time-dependent Harmonic oscillator, where both the mass and frequency are taken to be time-dependent. From the Hamiltonian we derive the occupation number of the induced quasi-particles using the invariant operator method; in deriving the occupation number we also point out and make the connection between the Functional Schrödinger formalism, quantum kinetic equation, and Bogolyubov transformation between two different Fock space basis at equal times and explain the role in which the invariant operator method plays.
As a concrete example, we consider particle production in the flat FRW chart of de Sitter spacetime. Here we show that the different methods lead to different results: The instantaneous diagonalization method leads to a power law distribution, while the usual Bogolyubov transformation and Unruh-de Witt detector methods both lead to thermal distributions (however the dimensionality of the results are not consistent with the dimensionality of the problem; the usual Bogolyubov transformation method implies that the dimensionality is 3D while the Unruh-de Witt detector method implies that the dimensionality is 7D/2). It is shown that the source of the descrepency between the instantaneous diagonalization and usual Bogolyubov methods is the fact that there is no notion of well-defined particles in the out vacuum due to a divergent term. In the usual Bogolyubov method, this divergent term cancels leading to the thermal distribution, while in the instantaneous diagonalization method there is no such cancelation leading to the power law distribution. However, to obtain the thermal distribution in the usual Bogolyubov method, one must use the large mass limit. On physical grounds, one should expect that only the modes which have been allowed to sample the horizon would be thermal, thus in the large mass limit these modes are well within the horizon and, even though they do grow, they remain well within the horizon due to the mass. Thus one should not expect a thermal distribution since the modes won't have a chance to thermalize.
I. INTRODUCTION
The interest in quantum field theory in classical curved space-time, that is adding quantum fields to the classical gravitational background, has since particle production was first investigated in the cosmological context by L. Parker in 1968 [1, 2] , and black hole evaporation by S. W. Hawking in 1974 [3] persisted till today. Unlike the study of quantum field theory in Minkowski space-time, there are many difficulties and ambiguities associated with the study of quantum field theory in curved space-time. For example, it is well-known that the concept of a particle is not well defined in curved space-time, since there is no notion of a unique observer for any given space-time [4] . Thus, the question of how defining of the vacuum state (or equivalently how many particles are present) becomes an observer dependent question.
As an attempt to surmount this difficulty, many authors have proposed different methods for determining the particle content of a particular space-time, ranging from instantaneously diagonalizing the Hamiltonian [5] , particle detectors [6] , and Bogolyubov transformation [7] to name a few. These calculations of particle production usually deal with comparing the particle number with respect to vacuum states defined in two different frames or in terms of the time-dependent, one-mode occupation number. Ideally, as long as one is consistent in defining the observer that one wishes to consider, each of these methods should give the same results.
In a general time-dependent space-time, the investigation of the spectrum of induced quasi-particles reduces to the study of a harmonic oscillator with time-dependent parameters. Whether one is comparing the particle number with respect to two different vacuum states or solving for the time-dependent, one-mode occupation number, one must solve the time-dependent harmonic oscillator to determine the time-dependent mode amplitudes. One powerful technique for solving the time-dependent harmonic oscillator is to utilize the method of invariants [8, 9] , which allows one to quantize a harmonic oscillator with time dependent coefficients.
The point of this paper is three-fold. First, to derive the semi-classical occupation number using three different methods. Second, to make clear the connection between the Functional Schrödinger formalism (FSF) [10] [11] [12] , quantum kinetic [13] , that is the method for determining the time-dependent particle spectrum originally derived by Zeldovich and Starobinsky in 1971 and Mamayev et. al. in 1977 [14, 15] and the central role in which the invariant operator method plays in these formalisms. Third, to give a practical example and compare the results of the three different methods.
As a practical example, we will consider a time-dependent space-time of cosmological interest, that of FRW. Here we will investigate what a particular observer, an observer in the flat FRW chart in de Sitter space-time, measures as the occupation number, hence the particle content, using each of these different methods. When comparing the three different methods we will see that all three of these methods lead to different results. The naive expectation is that one should acquire a thermal distribution, in accord with the celebrated work of Gibbons and Hawking [16] .
The paper is organized as follows: In Section II we derive the occupation number for a scalar field with a timedependent "mass" and frequency using three different methods: The instantaneous diagonalization of the associated Hamiltonian for the scalar field, the usual Bogolyubov transformation method between two different basis functions, corresponding two two different vacua and usually two different observers, and the Unruh-de Witt detector method.
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In this section we will make clear the connection between the invariant operator and the occupation number derived in the context of the FSF, as defined as the Gaussian overlap between the final and initial states, in the context of a time-dependent Bogolyubov transformation between the vacuum state of the harmonic oscillator and that of the invariant operator, and the quantum kinetic equations of Zeldovich and Starobinsky, as well as the role of the Ermokov equation to determine the quasi-particle spectrum. In Section III we derive the equations of motion for the mode coefficients of a scalar field in an arbitrary 4-dimensional Friedman-Robertson-Walker space-time. In Section IV we specialize to the de Sitter space-time and derive the distribution for the occupation associated with the three different methods. In Section V we conclude with some discussion and comments.
II. PARTICLE CREATION: TIME-DEPENDENT HARMONIC OSCILLATOR
In this section we will consider particle creation, induced quasi-particle production for a general time-dependent Hamiltonian were both the "mass" and the frequency are time-dependent. To determine the spectrum of the induced quasi-particles, we will derive the occupation number using three different methods: First, by instantaneously diagonalizing the Hamiltonian at any given moment of time. Second, by considering the usual Bogolyubov transformation method between two different basis functions for the same scalar field, which usually amounts to considering the same scalar field as seen by two different observers. Finally, by considering the response rate of a simple monopole detector, the Unruh-de Witt detector, which is following some trajectory within the space-time.
A. Instantaneous Diagonalization
To consider the particle creation at any moment of time, we will consider the Hamiltonian of the induced quasiparticles, which is generically given by
where Π k is the conjugate momentum to the coordinate q k , M (t) is a time-dependent "mass" of the induced quasiparticle, and ω(t) is a time-dependent frequency. In determining the occupation number of the induced quasi-particles, we will work in the Heisenberg picture 2 . Here we define new operators, which diagonalize the Hamiltonian at all moments of timeÂ
1 In general there is no simple relationship between the occupation number and the particle number as measured by a detector, even in the freely falling case. To check, one should calculate Tµν and verify that there is also a thermal bath of particles in the out region [4] . For example, as is well-known, when considering an uniformly accelerated observer in Minkowski space, the detector registers a thermal bath, however you finds that the expectation value of the stress energy tensor is in fact zero. 2 We could equal well work in the Interaction picture, where the vacuum states are time-dependent as well. Here the creation operator defined in (2) are related to the creation operators in the Interaction picture bŷ
These operators satisfy the commutation relation
, as well as the Heisenberg equation
In (3) the first term describes the time-dependence due to the redefinition of the notion of particles for every moment t. Using these operators one can derive the kinetic equation, see [17] for details, which is an integral-differential equation describing the particle production during the time-dependent process. The vacuum associated with these operators is defined byÂ k |0 A = 0 for all k, or considering the wavefunctional ϕ(q k ) = q k |0 A , which leads to the normalized wavefunctional
which is just the harmonic oscillator ground state wavefunctional as expected from the structure of the Hamiltonian. (4) corresponds to the usual positive frequency Minkowski vacuum state [18] . However, one can use the invariant operator method to study the time-dependence of the quantum system [8, 9] . Here, one defines a Hermitian invariant operator that satisfies
which has real, time-independent, eigenvalues. In our case the invariant can be decomposed in terms of linear invariants given asĉ
where ρ is the real solution to the auxiliary equation
where
with initial conditions
where M 0 is the "mass" at t = t 0 and ω 0 is the frequency at t = t 0 . The quadratic, Hermitian, invariant operator is then given by
where the creation and annihilation operators satisfy
vacuum associated with these operators are defined byĉ k |0 c = 0, or considering ψ(q k , t) = q k |0 c , leads to the normalized wavefunctional
This vacuum is distinct from the harmonic oscillator vacuum in that the operatorsÂ k andĉ k are related through a
We note that at the initial time t = t 0 , µ k (t = t 0 ) = 1 and ν k (t = t 0 ) = 0 and the Bogolyubov transformation satisfies (8) is between two different Fock space basis at equal times, not between the same basis at different times. From (8) we see that at time t = t 0 ,Â k =ĉ k and ψ(q k , t = t 0 ) = ϕ(q k ) so that the creation and annihilation operators for the two vacua are equivalent and the vacua are equivalent, thus there is no mixing at the initial time.
The occupation number of particles created during the time of expansion then amounts to determining the number ofÂ k particles in the vacuum 4 |0 c :
It is then easy to show that the spectrum of instantaneous excitations from (10) is given by
Before we move on, we will comment on (11) and the relationship between the functional Schrödinger formalism (FSF) and the Bogolyubov method considered here and elsewhere. Here we note that (11) is exactly the spectrum for the occupation number found using (FSF), see [11] and references therein for applications to black hole physics. In FSF, the spectrum for the occupation number is derived by considering the Gaussian overlap between the initial vacuum wavefunctional, here the "in" vacuum wavefunctional given in (4) , and the wavefunctional of the invariant operator at a later time, here the "out" vacuum wavefunctional given in (7), at a given frequencyω, which is the frequency at the given time t f . Thus the Gaussian overlap in the context of first quantization amounts to an equal time Bogolubov transformation between two different Fock state basis in the context of second quantization.
As an alternative method for determining the number of induced quasi-particles one can use the fact that, as noted in Section II A below (9), the Bogolyubov coefficients satisfy the relation |µ k | 2 − |ν k | 2 = 1, hence we can find the number of particles to
whereρ = dρ/dt and we used (9). 6 Of course (12) leads to the same occupation as in (11) when one simplifies this expression.
Furthermore, using (2), (3) and their Hermitian conjugates, one can derive the three coupled first-order differential equations
4 Equivalently one can consider the number ofĉ k particles in the vacuum |0 A . The physical difference between the two descriptions is whether one is working in the "in-in" picture versus the "out-out" picture. Here, the vacuum |0 A corresponds to the "in" vacuum, while the vacuum |0 c corresponds to the "out" vacuum. 5 The exact form of the spectrum was previously derived in the context of the functional Schrödinger formalism [11] . 6 From (13) we then have
where we have defined the operator N =Â † kÂ k and an anomalous operator σ =Â kÂk . We can now define new variables X = σ + σ † = 2ℜ(σ) and Y = i(σ − σ † ) = 2iℑ(σ) and rewrite (14) as
which are the same as the first-order differential equations originally considered by Zeldovich and Starobinsky, and Mamayev et. al. [14, 15] . These operators can instead be defined as combinations of the Bogolyubov coefficients in (9): Here if one defines along with N (ω, t) in (11) the combinations
and
then the Hamiltonian in (1) is diagonalized if these combinations satisfy the first-order differential equations in (15) . Initial conditions for (15) are
In fact, it is possible to eliminate X and Y from (15) and write a single integro-differential equation for the operator N , which is the quantum kinetic equation describing the production of the instantaneous quasi-particles, see [17] . Numerically if one solves the system of coupled equations, one obtains the same spectrum for the occupation number of the induced quasi-particles obtained from FSF and the Bogolyubov transformation between the two different Fock space basis.
To find the spectrum of the occupation number, one must solve for the auxiliary equation for ρ. It was originally reported in [11] , as well as elsewhere, that (5) must be solved numerically due to the non-linear nature of the equation. However, it turns out that this not necessarily true; using the Ermakov equations [20] the relationship between the time-dependent amplitude q k and ρ is given by q k = ρe −iγ , where both ρ and γ are time-dependent 7 with initial conditions
where γ(t = t 0 ) ≡ γ 0 is an undetermined initial condition. 9 From (1), the time-dependent amplitude of the field satisfies the equation of motion
Therefore one can instead solve the linear equation (18) with initial conditions (17) and use the fact that ρ = |q k |.
As we have seen in this section, the Bogolyubov transformation between the harmonic oscillator and the invariant operator Fock space representations boils down to solving the auxiliary equation for ρ. The asymptotics of the occupation number given in (11) will also depend on the asymptotics of ρ. Here γ satisfies the differential equation dγ dt = const M ρ 2 where const is a constant of integration. 8 Here we note that the initial conditions given in (17) are those that minimize the instantaneous energy density for each mode k at the initial time t = t 0 . The states correspond to the "instantaneous positive frequency solution," hence the solution (18) define the instantaneous adiabatic ground state [21] . 9 To be consistent with FSF we must choose that γ 0 = 0 and the constant is equal to one. 10 Note that we could have written the occupation number in terms of the amplitudes as
B. Bogolyubov Method
Alternatively one can use the more traditional method, which is to decompose the field in terms of different sets of basis functions, {f k ( x)} and {g k ( x)}, and creation and annihilation operators, φ k and ϕ k :
The transformation connecting the two sets of modes {f k } and {g k } is then given by
which is the Bogolyubov transformation and α k k ′ , β k k ′ are the Bogolyubov coefficients. The creation and annihilation operators are connected by
An observer in the |0 f vacuum, where according to this observer there are no f particles, would then observe the average number of g particles
If one assumes that asymptotically the spacetime is Minkowski and denote two complex set of modes φ in k (t) and φ out k (t). Imposing orthogonality, the Bogolyubov coefficients become
As we did in the previous section, we can define the number of induced quasi-particles as
where we used (20) and (21) .
where upon using the Ermakov equation yields twice the occupation number found in (11) . It is interesting to note that using the occupation number derived from the amplitudes, |ζ k | 2 now becomes
which is of slightly different form than that found using the invariant operator, namely the numerator takes on a different form since there is no longer a cross-term.
C. 2-pt Correlation Function and the Detector Method
An alternative method for determining the number of induced quasi-particles is to use the detector formalism, which calculates the un-equal time 2-point correlation function, also known as the Wightman Green function.
The concept of a detector is to make things more physical, that an observer will have a detector that will "detect" something. The observer knows when the detector has measured something when it "clicks", i.e. makes a transition from one state to another. Therefore the detector then interacts with a field, which causes the detector to make a transition from an initial state, say the ground state, to an excited state.
The simplest detector [4] , known as the Unruh-De Witt detector, consists of a monopole moment α(τ ) coupled to a scalar field Φ(x(τ )) at the position of the detector at time τ . Here τ is the propertime of the observer and x(τ ) is the world line of the detector as a function of the propertime. The complete Hamiltonian of the system [22] is then H = H ς + H Φ + H I , where H ς is the Hamiltonian for the monopole, H Φ is the Hamiltonian for the scalar field and H I is the interaction hamiltonian. We will take the interaction Hamiltonian to be
where λ is a coupling constant.
Due to the interaction term, it is easiest to work in the interaction picture, where both states and operators are time-dependent. The time evolution of the the states is governed by the Schrödinger equation
where |Ψ(τ ) is taken to be a product state and
One can then ask, what is the transition amplitude for finding the detector in an excited state |E, ψ = |E ⊗ |ψ , where E is the energy of the detector at some time τ ? We can then write, to first order in perturbation theory
where |Ψ(τ 0 ) ≡ |0 is the ground state wavefunction. The probability for the transition is then
From (24) we can see that the first term only depends on the internal details of the detector, hence we can ignore that part, the relevant part is then F (E), which is now given by
where the last term 0|Φ(τ ′ )Φ(τ ′′ )|0 is the Wightman function. In essence (25) gives the probability of finding the detector in an excited state of energy E above its ground state. However, one can introduce new variables [22] and write (25) as
Finally, one can define the transition rateḞ (E), which is proportional to the number of clicks per second in a detector consisting of identical detector atoms by taking the u derivative of (26), which is known as the response function,
Therefore to calculate the response function, one must first calculate the Wightman function.
To calculate the Wightman function, one expands the scalar field Φ(x(τ )) as
Here, the creation and annihilation operators are time-independent and they are defined bŷ
Substituting this into the Wightman function leads to
We can see that (30) only depends on the mode and basis functions, not on the occupation given in (11) since (30) only depends on the action of the annihilation operators on the ground state (29). Also, since e −iEs is entire, the Fourier transform only depends on the poles of the Wightman function.
Notice that for the detector method, (30) and (27) are independent of the time-dependent Bogoluibov transformation that was central for determining the occupation number for the instantaneous diagonalization case. (30) only depends on how the original annihilation operator acts on the vacuum of the space-time itself, (29).
III. FRIEDMAN-ROBERTSON-WALKER SPACE-TIME
As an application of this, we will consider the standard Friedman-Robertson-Walker (FRW) space-time in flat 4-dimensional space-time. The Lagrangian for the real scalar field propagating in the curved space-time background given by the metric tensor g µν is
where the metric is ds
is the scale factor, and R is the Ricci scalar in t-coordinates, while the metric is given by ds 2 = a 2 (η)(−dη 2 + d x · d x) in term so conformal time. Decomposing the scalar field into a complete set of basis functions denoted by {f k ( x)}, see [19] , as in (28) with τ replaced by t or η depending on which coordinates we are woking in, it is easy to see that the basis functions take the form f ( x) ∼ e i k· x . With definition (28), the action for the scalar field can be found from the time integral of the Lagrangian (31). In t-coordinates the action for the scalar field is given by
or using dt = adη,then in η-coordinates the action for the scalar field is given by:
where,
and we have defined
(35) shows that for a massless, minimally coupled scalar field the frequency is time-independent. Note that ω ph (t) is redshifting while ω(η) is blueshifting.
Here we see that written in terms of conformal time 11 , M = √ −g/a so that using (34) we find σ = 2a ′ /a, which using (18) leads to the equation of motion
or in terms of
We note that in terms of the t-coordinate, we can make a similar replacement so that the frequency of the induced quasi-particle is given byω
Hence, as we can see from (38) and (39),ω 2 (η) is related toω 2 (t) in 3D, not in 4D. That is, working in conformal time effectively reduces the dimensionality of the problem from 4D down to 3D.
In the next section we note that we can either work with the φ k or χ k fields, since as we see from (10) that the occupation only depends on the expectation value of theÂ k particles in the vacuum |0 c . In the literature, however, it is customary to use the χ k field to determine the particle production, so we shall concentrate only on this field.
IV. PARTICLE PRODUCTION IN DE SITTER SPACE-TIME
In this section we will consider the particle production which occurs during de Sitter expansion using the methods of simultaneous diagonalization, usual Bogolyubov transformations between two different basis functions (where the second vacuum is chosen to be the so-called adiabatic vacuum), and the Unruh-De Witt detectors.
A. Instantaneous diagonalization
To determine the particle production we need to solve (37) for the χ k field and use this to find ρ. In this section we will specialize to the case of de Sitter expansion.
The solution to the Einstein's equations with a positive cosmological constant give the expansion factor a(t) ∼ exp(Ht), where H is the Hubble parameter given at late times. In terms of the conformal time the scale factor takes the form a ∼ −(ηH) −1 ≡ z −1 . From the scale factor we can write (38), using that in 4D the Ricci scalar is 12H 2 , as
Unlike (38), (40) shows that the frequency in the case of a massless, minimally coupled scalar field is time-dependent, since here A 2 = 0, B 2 = −H 2 . We can now use (37) to find the general solution for χ k , which is given by
which gives the expression for φ k given by
To determine the coefficients α k and β k we can use (41). Expanding (41) for large Z and using (17) we find that the coefficients satisfỹ
where we have defined
Using (44) and (45), we can rewrite α k asα
It is customary to compare these terms and keep only the β k term 12 , which leads to the usual Bunch-Davies vacuum, hence we are left with
so that (43) becomes
From (46) we see that the auxiliary field ρ is given by
and from this we have
where the prime denotes differentiation with respect to the x, which is defined as x = kz/H. From (40)
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We will be mostly interested in the asymptotic behavior of the occupation number given in (11). We will be interested in different limits: The first is the more natural limit, when we take the limit that z → 0, and the second limit we are interested in the large k portion of the spectrum; that is in the limit where k is large and z is some fixed finite time. For the first limit we take a fixed time z, and consider the case where in (40) k << A/z, or z << A/k, thus we have that ω(η) ≈ A/z. Furthermore, we are interested in the case of a very massive field, that is m >> H, which is forced upon us by the requirement of the adiabatic vacuum in Section IV B. In this limit, we can see from (40) and (35) that A ≈ B, hence in this limit ω ≈ω. In Appendix A we will be interested in the opposite limit, that is when m << H, however as we will see in from Section IV B this is outside of the regime of validity for the adiabatic approximation.
For m >> H, from (42) y = iA/H, and we can expand the Hankel functions in the z → 0 limit: This limit corresponds to A being large, or that we are deep in the UV (small distance) limit,
which gives
Additionally, one can check that from that (49) ρ z ≈ ρ/(2z), so we can find that the occupation of induced quasi particles for fixed η is given by
or for largeω (or for large A) we have
where we defined the physical frequency as ω ph = ω/a, which is defined in terms of the original frequency (35). (54) corresponds to a nonthermal, polynomial distribution for the occupation number.
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In the late time approximation (13) , with the help of (52) and ρ η ≈ ρ/(2η), becomes
Substituting into (12) yields
or in the large A limit
Using (40) we can rewrite (59) as
It is easy to check that (61) has the same initial condition as (17) , with γ 0 = 0:
For the time-derivative of (61) we have
At z = z 0 , (62) becomes
Here, we see that (63) is the same as the initial condition in (17) again with γ 0 = 0. To calculate the occupation number in the adiabatic vacuum, one can no longer use (11) since the adiabatic vacuum and the invariant operator method are no longer related to each other by the time-dependent Bogolyubov transformation in (9) . Therefore, one must use (19) and (21) to determine the occupation number. If we use the zero order adiabatic vacuum, (19) becomes
From (61) we see that |χ
, so we can write
Using againω ≈ B/z ≈ A/z and (61), (64) (or (65)) becomes
which is the thermal distribution with temperature
which is divergent as η → 0 for the comoving observer but gives the expected temperature for the physical observer. Interestingly, when comparing to the standard result of the response function of an Unruh-de Witt detector, (66) corresponds to a thermal distribution in 3D not the full 4D in which we are working 17 , which makes sense according to our above discussion on how working in conformal coordinates effectively decreases the dimensionality by one.
17 This is because in 4D the thermal distribution goes as [23, 24] N ∼ ω e βω − 1 and in 3D the thermal distribution goes as
Hence the thermal distribution in (66) corresponds to the 2D case, at least in the context of the Unruh-de Witt detectors.
where upon taking the absolute value the coefficient becomes one, since (H (2) y (x)) * = H
(1) y * (x), and we are left with
From (22) we then have
which is the same as in (66) as expected.
As a side note, notice that if we use (61) instead of (46) in (11) we arrive at,
where we again used thatω ≈ A/η. We can easily see that (70) is the same as (54), which again is a nonthermal, polynomial distribution. Hence to achieve the thermal distribution, one must use the adiabatic vacuum, that is restrict the modes to those satisfying the condition A >> 1 (that is for m > H, which corresponds to the non-relativistic modes), and consider the Bogolyubov transformation between the instantaneous vacuum, in this the Bunch-Davies vacuum (46), and the adiabatic vacuum (61). The occupation number given by (11) , the instantaneous number of particles between the Harmonic oscillator vacuum and the invariant operator vacuum, as seen from (54) and (70) generically gives that the spectrum of particles is
ph .
C. Unruh-de Witt Detector
Finally we shall consider the response of an Unruh-de Witt detector. To determine the Wightman function in (30) we use the Bunch-Davies vacuum (46). Upon substitution into (30) yields
where ∆ x = x(η) − x(η ′ ). The conformal coordinate interval,x and the geodesic distance, ℓ = ℓ(x; x ′ ), are related by [24, 25] 
Here we will consider an observer moving along the geodesic p = p(x(t + ∆t/2); x(t − ∆t/2)) = −4 sinh 2 (H∆t/2), that is we take ℓ → i∆t.
We know that Φ(x) satisfies (36), however we can see that the two-point Wightman function satisfies the same differential equation. For a de Sitter invariant vacuum state, the state can only depend on the geodesic distance between x and x ′ , which from (72) may be written as a function z(x; x ′ ) ≡ 1 − p/4 [24, 25] . Using this we can then rewrite (36) as
• In Section IV B we showed that the standard Bogolyubov transformation method, here we consider the transformation between the instantaneous vacuum, the Bunch-Davies vacuum, and the so-called adiabatic vacuum, in the late time, large A, limit the occupation number does follow a thermal distribution (66). Interestingly, when comparing with the typical Unruh-de Witt detector result, we see that the obtained thermal distribution in (66) is that of the 2D instead of the full 4D case that we are investigating here. In most cases this side fact is not a problem, since one is only concerned with the appearance of the thermal spectrum, i.e. the Planck distribution.
• From (62) and (46) we see that both the Bunch-Davies and adiabatic vacua have the same asymptotic behavior in the late time limit:
where G(A) is a function of A. This means that neither of the vacua give rise to the notion of a well-defined particle in the late time limit, which is due to the fact that in the late time limitω diverges. As we can see from (65), the extra terms that cause the difficulty of defining a well-defined notion of a particle are canceled due to the subtraction of the two derivatives, leading to the thermal spectrum in (66).
• Furthermore, notice that if χ k and χ 0,k satisfy (17) and (63) for all time, that is the instantaneous and adiabatic vacua have well-defined notions of particles, then (11) naturally predicts that there is particle creation 19 while (64) naturally predicts that there is no particle creation since the difference of the two derivatives cancel leaving zero particle creation. This can be avoided if χ k and χ 0,k satisfy a condition similar to (78) where the function G(A) for the two vacua are not the same.
• In Section IV C we showed that in the large A limit, the spectrum of the Response function, (75), approaches a thermal distribution. However, the distribution in (77) seems to follow a distribution for a fractional dimension instead of the full 4D case.
The results imply that the instantaneous diagonalization of the Hamiltonian (that is FSF, quantum kinetic equation, and the Bogolyubov transformation between the time dependent vacua of the harmonic oscillator and the invariant operator) generically give a polynomial dependence for the occupation number of the induced quasi particles in the flat FRW chart in de Sitter space-time. This behavior comes from the fact that in the late time approximation, the derivative of the mode functions in (78) do not lead to well-defined concepts of particles due to the divergence of the first term. In cases where the divergent term is not present, it can be shown that the usual Bogolyubov transformation method and the instantaneous diagonalization method give the same result, see for example [27, 28] . The usual Bogolyubov transformation and the Unruh-de Witt detector methods both lead to a thermal spectrum in the limit that A >> 1 (ω ph /H >> 1). One should expect, however, that only those modes that have information about the horizon should fit a thermal distribution. The physical frequency is, for early times ω ≈ k a since a goes as e −t or goes to infinity, and for late times we have ω ≈ m 2 + ξR >> H by assumption to satisfy the adiabatic approximation, which is well inside the horizon. Thus the modes start well inside the horizon and end well inside the horizon, thus we should expect that the distribution is nonthermal. Interestingly, neither of these methods leads to the correct dimensionality of the problem; that is neither of the methods leads to a thermal distribution in 4D. 19 Here one can easily check that, from (49), ρη = 0. However, from (11) we see that
which, unless ρ 2 = 1/ω, will in general be non-zero. For example, in the definition of the adiabatic vacuum (57), we see that ρ 2 = 1/ω due to the factor of √ 2 in the denominator.
which is constant, hence we shouldn't expect to measure any particles. 20 In this case we can then write the solution for χ k as
which satisfies the initial conditions given in (17) . Note that (A5) coincides with the conformal vacuum. Using the definition of ρ, (49), and (A5) we can see that
Finally using (11) we see that the number of induced quasi-particles is thus N = 0.
Using the usual Bogolyubov transformation method we can easily check that the so-called adiabatic vacuum (59) gives the same result as (A5). Thus, using (64) we obtain N χ0 ∼ |ik − ik| 2 = 0, which is the same result. Finally, in the conformally coupled case, that is when A = 0 and y = 1/2, (75) gives the usual resulṫ F = ∆E 2π 1 e 2π∆E/H − 1 , which does have the expected 4D spectrum. Hence the response of the particle detector is that of an observer being in a thermal bath of radiation, even though, from above, there are no particles created. This is a well known result of the nonzero response of a comoving detector to a conformal vacuum [4] .
